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Split cuts are cutting planes for mixed integer programs whose validity is derived from maximal lattice point free 
polyhedra of the form S ~ {x : -kq < -k'^x < -ttq -I- 1} called split sets. The set obtained by adding all split cuts 
is called the split closure, and the split closure is known to be a polyhedron. A split set S has max-facet-width 
equal to one in the sense that max{7r"^2; : x £ S} — min{7r"^a: : x £ S} <1. 

In this paper we consider using general lattice point free rational polyhedra to derive valid cuts for mixed integer 
linear sets. We say that lattice point free polyhedra with max-facet-width equal to w have width size w. A split 
cut of width size w is then a valid inequality whose validity follows from a lattice point free rational polyhedron 
of width size w. The w*'^ split closure is the set obtained by adding all valid inequalities of width size at most w. 

In general, a relaxation of a mixed integer set can be obtained by adding any family of valid inequalities to the 
linear relaxation. Our main result is a sufficient condition for the addition of a family of rational inequalities to 
result in a polyhedral relaxation. We then show that a corollary is that the w*'^ split closure is a polyhedron. 

Given this result, a natural question is which width size w* is required to design a finite cutting plane proof for 
the validity of an inequality. Specifically, for this value w* , a finite cutting plane proof exists that uses lattice 
point free rational polyhedra of width size at most w* , but no finite cutting plane proof that only uses lattice 
point free rational polyhedra of width size smaller than w* . We characterize w* based on the faces of the linear 
relaxation. 
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1. Introduction. We consider a polyhedron in R" of the form 

P := coTw{{v'}^^y) + cone({r^}^.g^), (1) 

where V and E are finite index sets, denotes the vertices of P and {f''} denotes the extreme 

rays of P. We assume P is rational, i.e., we assume {r^} -^^ C Z" and C Q". 

We are interested in points in P that have integer values on certain coordinates. For simplicity assume 
the first p > Q coordinates must have integer values, and let q := n — p. The set Ni := {1, 2, . . . ,p} is 
used to index the integer constrained variables and the set Pj := {x E P : xj E Z, for all j E Ni} denotes 
the mixed integer points in P. 

The following concepts from convex analysis are needed (see [5] for a presentation of the theory of 
convex analysis). For a convex set C C R", the interior of C is denoted int(C), and the relative interior 
of C is denoted ri(C) (where ri(C) = int(C) when C is full dimensional). 

We consider the generalization of split sets (see [5) to lattice point free rational polyhedra (see [7]). 
A split set is of the form S'^'^''^"' := {x E W : ttq < tt'^x < ttq + 1}, where (7r,7ro) G Zp+^ and tt 7^ 0. 
Clearly a split set does not have integer points in its interior. In general, a lattice point free convex set 
is a convex set that does not contain integer points in its relative interior. Lattice point free convex sets 
that are maximal wrt. inclusion are known to be polyhedra. We call lattice point free rational polyhedra 
that are maximal wrt. inclusion for split polyhedra. A split polyhedron is full dimensional and can be 
written as the sum of a polytope V and a linear space C. 
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A lattice point free convex set is an object that assumes integrality of all coordinates. For mixed 
integrality in MP'^'', we use a lattice point free convex set C MP to form a mixed integer lattice point 
free convex set C C K" of the form C := {{x,y) E MP x : x E C^}. A mixed integer split polyhedron 
is then a polyhedron of the form L := {{x, y) E MP x S.'' : x E i^}, where is a split polyhedron in Rp. 

An important measure in this paper of the size of a mixed integer split polyhedron L is the facet width 
of L. The facet width measures how wide a mixed integer split polyhedron is parallel to a given facet. 
Specifically, given any facet tt^x > ttq of a mixed integer split polyhedron L, the width of L along tt is 
defined to be the number w{L, n) :— ir'aXx^l x — mmx^L tt'^x. The max-facet-width of a mixed integer 
split polyhedron L measures how wide L is along any facet of L, i.e., the max-facet-width 'Wf{L) of L is 
defined to be the largest of the numbers tt) over all facet defining inequalities n'^x > ttq for L. 

Any mixed integer lattice point free convex set C C M" gives a relaxation of conv(P7) 

R{C, P) := conv({a; E P : x (j, ri(C)}) 

that satisfies conv(P/) C _R(C, P) C P. The set R{C, P) might exclude fractional points in ri(C) n P and 
give a tighter approximation of conv(P/) than P. 

Mixed integer split polyhedra L give as tight relaxations of Pj of the form above as possible. 
Specifically, if C, C C R" are mixed integer lattice point free convex sets that satisfy C C C", then 
R{C',P) C R{C\P). For a general mixed integer lattice point free convex set C, the set R{C,P) may 
not be a polyhedron. However, it is sufficient to consider mixed integer split polyhedra, and we show 
i?(L, P) is a polyhedron when L is a mixed integer split polyhedron ('Lemma l2.4p . 

Observe that the set of mixed integer split polyhedra with max-facet-width equal to one are exactly 
the split sets S^'''''°'> = {x e M" : tto < tt^x < ttq + 1}, where (tt, ttq) E Z"+\ tTj = for j > p and tt ^ 0. 
In [5], Cook et. al. considered the set of split sets 

£^ := {L C M" : i is a mixed integer split polyhedron satisfying Wf{L) < 1} 

and showed that the split closure 

■.= r\Lec^R{L,P) 

is a polyhedron. A natural generalization of the split closure is to allow for mixed integer split polyhedra 
that have max-facet-width larger than one. For any w > 0, define the set of mixed integer split polyhedra 

£™ := {L C M" : i is a mixed integer split polyhedron satisfying Wf{L) < w} 

with max-facet-width at most w. We define the tu*'' split closure to be the set 

SC" ■.^nLea.R{L,P). 

We prove that for any family C C of mixed integer split polyhedra with bounded max-facet-width 
w > 0, the set n^g£i?(L, P) is a polyhedron fTheorem l4.2p . The proof is based on an analysis of cutting 
planes from an inner representation of the linear relaxation P. In fact, our proof does not use an outer 
description of P at all. Many of our arguments are obtained by generalizing results of Andersen et. al. 
[T] from the first split closure to the w*"^ split closure. 

Given a family {((5')"^x > Sq}^^j of rational cutting planes, we provide a sufficient condition for the set 
{x E P : {5^)^x > <5o for all Z g /} to be a polyhedron fTheorem l3.ip . This condition (Assumption 13. ip 
concerns the number of intersection points between hyperplanes defined from the cuts > (^oiie/ 

and line segments either of the form {u* -1- ar^ : a > 0}, or of the form {/3i;' -I- (1 — (3)v'' : (3 E [0, 1]}, 
where i,k E V denote two vertices of P and j E E denotes an extreme ray of P. We then show that this 
condition is satisfied by the collection of facets of the sets R{L, P) for L G £ for any family £ C of split 
polyhedra with bounded max-facet-width w > 0. It follows that the w^^ split closure is a polyhedron. 

Finite cutting plane proofs for the validity of an inequality for P/ can be designed by using mixed 
integer split polyhedra. A measure of the complexity of a finite cutting plane proof is the max-facet-width 
of the mixed integer split polyhedron with the largest max-facet-width in the proof. A measure of the 
complexity of a valid inequality 6'^x > Sq for Pj is the smallest integer w{S, 5o) for which there exists a 
finite cutting plane proof of validity of 6^x > 6q for Pj only using mixed integer split polyhedra with max- 
facet-width at most 'w{S,6o). We give a formula for w{6,6o) (Theorem I5.1|) that explains geometrically 
why mixed integer split polyhedra of large width size can be necessary. 
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The remainder of the paper is organized as follows. In Sect. 2 we present the main results on lattice 
point free convex sets that are needed in the remainder of the paper. We also present the construction 
of polyhedral relaxations of P/ from mixed integer split polyhedra. Most results in Sect. 2 can also be 
found in a paper of Lovasz [7]. In Sect. 3 we discuss cutting planes from the viewpoint of an inner 
representation of P. The main result in Sect. 3 is a sufhcicnt condition for a set obtained by adding 
an infinite family of cutting planes to be a polyhedron. The structure of the relaxation R{L, P) of Pi 
obtained from a given mixed integer split polyhedron L is characterized in Sect. 4. The main outcome is 
that the w*^ split closure is a polyhedron. Finally, in Sect. 5, we discuss the complexity of finite cutting 
plane proofs for the validity of an inequality for P/. 

2. Lattice point free convex sets and polyhedral relaxations We now discuss the main object 
of this paper, namely lattice point free convex sets, which are defined as follows 

Definition 2.1 (Lattice point free convex sets) 

Let L QW be a convex set. //ri(L) r\1P — then L is called lattice point free. 

The discussion of lattice point free convex sets in this section is based on a paper of Lovasz [7] . We 
are mainly interested in lattice point free convex sets that are maximal wrt. inclusion. Our point of 
departure is the following characterization of maximal lattice point free convex sets. 

Lemma 2.1 Every maximal lattice point free convex set L C Rp is a polyhedron. 

As mentioned in the introduction, we call maximal lattice point free rational polyhedra for split poly- 
hedra. Maximal lattice point free polyhedra are not necessarily rational. The polyhedron C ~ {{xi, X2) '■ 
X2 = V^xi, xi > 0} is an example of a maximal lattice point free set which is not a rational polyhedron. 
However, we will only use maximal lattice point free convex sets to describe (mixed) integer points in 
rational polyhedra, and for this purpose split polyhedra suffice. 

We next argue that the recession cone 0+(L) of a split polyhedron L must be a linear space. This 
fact follows from the following operation to enlarge any lattice point free convex set C C M^. Let 
r E 0+(C) n be a rational vector in the recession cone of C. We claim that also C = C + span({r}) 
is lattice point free. Indeed, if a; — /xr g ri(C") is integer with fi > and x g ri(C'), then there exists a 
positive integer /i^ > /i such that x — fir + fi^r = x + {jjJ — ^)r G ri(C) H Z^, which contradicts that C is 
lattice point free. Since the recession cone of a split polyhedron is rational, we therefore have 

Lemma 2.2 Let L Q W he a split polyhedron. Then L can he written in the form L ^ V + C, where 
V (=W is a rational polytope and £ C R^' is a linear space with an integer hasis. 

Observe that Lemma 12.21 implies that every split polyhedron L C Rp is full dimensional. Indeed, if 
this was not the case, then we would have L C {a; : R^ : tt'^x = ttq} for some (tt, ttq) € Z^*"^^ which implies 
L C_ {x : M.P : ttq < tt'^x < ttq + 1}, and this contradicts that L is maximal and lattice point free. 

Lemma 2.3 Every split polyhedron L in is full dimensional. 

We are interested in using split polyhedra to characterize mixed integer sets. Let C Rp be a split 
polyhedron. We can then use the set L := {{x,y) € M.P x M.'^ : x G L^} for mixed integer sets. We call L 
a mixed integer split polyhedron. 

We now consider how to measure the size of a mixed integer split polyhedron. Let L C R" be a mixed 
integer split polyhedron in R" written in the form 

L:={xe R" : {n'^fx > 4 for k G Nf{L)}, 

where Nf{L) := {1, 2, . . . ,n/(L)}, nf{L) denotes the number of facets of L, (7r'',7ro) e Z"+^ for k e Nf{L) 
and TTj — for j ^ Nj. We assume that for every k G Nf{L), ttq does not have a common divisor with all 
the integers tt^ for j — 1,2, ... ,p. Note that, since L is full dimensional, the representation of L under 
this assumption is unique. 
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(a) A polytope P and a split polyhc- (b) The only cut that can be derived (c) The strengthened relaxation of Pj 
dron L from L 

Figure 1: Strengthening a linear relaxation P by using a split polyhedron L 

Given a vector w e Z" that satisfies Vj — for j ^ Nj, the number of parallel hyperplanes v'^x ~ vq 
that intersect a mixed integer split polyhedron L C K" for varying wo G M gives a measure of how wide 
L is along the vector v. Define Z{Nj) := {v G Z" : vj = for all j ^ Nj}. The width of L along a vector 
V G Z{Ni) is defined to be the number 

w{L, v) := max{v^x : x £ L} — min{?;"^a; : x G L}. 

By considering the width of L along all the facets of L, and choosing the largest of these numbers, we 
obtain a measure of how wide L is. 

Definition 2.2 (The max-facet-width of a mixed integer split polyhedron). 

Let L C M" be a mixed integer split polyhedron, and let [tt^)'^ x > tTq denote the facets of L, where 
k e Nf{L), (7r'^,7ro) G Z"+-^ and tt*^ G Z{Ni). The max-facet-width of L is defined to be the number 

Wf{L) max{u)(L, TT*^') : k G Nf{L)}. 

The max-facet-width measures the size of a mixed integer split polyhedron. We now use this measure 
to also measure the size of a general mixed integer lattice point free rational polyhedron. For this, we use 
the following result proven in [5] : for every mixed integer lattice point free rational polyhedron Q C R", 
there exists a mixed integer split polyhedron L C R" that satisfies ri((5) C int(L). Hence there exists a 
mixed integer split polyhedron L that excludes at least the same points as Q. A natural measure of the 
size of Q is then the smallest max-facet-width of a mixed integer split polyhedron with this property. 

Definition 2.3 (Width size of any mixed integer lattice point free rational polyhedron) 

Let Q C R" be a mixed integer lattice point free rational polyhedron. The width size of Q is defined to be 

the number 

width-. size{Q) := n\\n{max-facet-width{L) : L is a mixed integer split polyhedron s.t. Ti{Q) C int(L)}. 

2.1 Polyhedral relaxations from mixed integer split polyhedra As mentioned in the intro- 
duction, any mixed integer lattice point free convex set C C R" gives a relaxation of conv(P/) 

R{C, P) := conv({a; P : x (j, ri(C)}) 

that satisfies conv(P/) C i?(C, P) C P. Since mixed integer split polyhedra L are maximal wrt. inclusion, 
the sets R{L, P) for mixed integer split polyhedra L are as tight relaxations as possible wrt. this operation. 
Figure [T] shows the set R{L, P) for a polytope P with five vertices and a split polyhedron L. 

For the example in Figure [l] the set R{L,P) is a polyhedron. We now show that, in general, mixed 
integer split polyhedra give polyhedral relaxations R{L,P) of P/. 
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Lemma 2.4 Let L C R" be a full dimensional polyhedron whose recession cone 0"*"(L) is a linear space. 
Then the following set R{L, P) is a polyhedron. 

R{L, P) := conv({a; P : x (f. int(L)}). 

Proof. Let (r')-^a; > Zq for i € / denote the facets of L, where / := {1, 2, . . . , n/} and Uf denotes the 
number of facets of L. Also suppose P = {x £ W : Dx < d} , where D e Q™><" and d € Q™. Observe 
that L has the property that, if x*" G 0+(i), then {V)^ x"^ = for aU i E I. This foUows from the fact 
that the recession cone O'^(L) of L is a hnear space. We claim R{L, P) is the projection of the following 
polyhedron onto the space of a:- variables. 

x = (2) 

Dx' < X'd, for i e /, (3) 
{Pfx' < XHl, for i e I, (4) 

X' > 0, for i e /. (6) 

The above construction was also used by Balas for disjunctive programming |4]. Let S{L,P) denote 
the set of a; e M" that can be represented in the form ((21)-® above. We need to prove R{L, P) = S{L, P). 
A resuh in Cornuejols H] shows that cl(conv(U,e/f")) = c\{R{L,P)) = S{L,P), where := {a; S R" : 
Dx < d and {l^Y'x < Iq} for i G I. It follows that R{L, P) C 5(L, P), so we only have to show the other 
inclusion. 

We now show P) C P(i, P). Let x E S{L, P). By definition this means there exists {x'jjgj and 
{X^}i(zi such that x, {5;*}^^^ and {A*}jgj satisfy (H])-®. Let I := {i E I : x^ ^ 0}. We can assume |/| is 
as small as possible. Furthermore we can assume |/| > 2. 

Let /" {i e J : A* = 0}, and let io G 1° be arbitrary. We claim i*" e 0+(P(L, P)). To show this, we 
first argue that there exists i' £ I such that (P < 0. Suppose, for a contradiction, that a;*" > 

for all i £ I. This implies a;'° G 0"'"(L), and therefore {V')'^xf-° — for all i £ I. We now show this 
contradicts the assumption that |/| is as small as possible. Indeed, choose i E I \ {io} arbitrarily. Define 

:— x'^°+ a;*, x^° :— 0, := a;* for i E I \ {io, i} and A* := A* for i E I. We have that ai, and 
{A*},;g/ satisfy (H))-®, and {ai^jjgj gives a representation of a; with fewer non-zero vectors than {x'^}-^j. 
This contradicts the minimality of |/|. Therefore there exists i' E I such that (P )'^xf-° < 0. 

We can now show x*" E 0+(P(i,P)). Let x^ E R{L,P) be arbitrary and define x'^°{a) :— x^ + ax^" 
for a > 0. Since {P )'^x^° < 0, there exists a > such that {P )'^x'^o{a) < Iq for all a> a. This implies 
x'°{a) E R{L,P) for aU a>a. Hence x'" E Q+{R{L,P)). 

We can now write x = Y.^<^I>o E»ef«*'' ^^^^ere := {i E I : X > 0), ^ E R{L,P) for 

i e />°, e 0+{R{L, P)) for i e /°, Eie/>o A* = 1 and A' > for i G />". Therefore x E R{L, P). □ 



Lemma |2 .41 implies that, for every finite collection £ of mixed integer split polyhedra, the set 

C\{P,C) ■.= nLecR{L,P), 

is a polyhedron. A next natural question is under which conditions the same is true for an infinite 
collection of mixed integer split polyhedra. As mentioned, we will show that a sufficient condition for this 
to be the case is that it is possible to provide an upper bound w* on the max-facet-width of the mixed 
integer split polyhedra in an infinite collection C of mixed integer split polyhedra. Therefore, we consider 
the set of all mixed integer split polyhedra whose max-facet-width is bounded by a given constant w > 

O" := {L C M" : L is a mixed integer split polyhedron satisfying Wf{L) < w}. 

An extension of the (first) split closure can now be defined. 

Definition 2.4 (The w*^ split closure). 

Given w > 0, the w^^ split closure of P is defined to be the set 

CL{P,C") ■.^r\Lec-R{L,P). 
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A natural question is which condition a mixed integer spht polyhedron L must satisfy in order to have 
i?(L, P) ^ P. The following lemma shows that R{L, P) ^ P exactly when there is a vertex of P in the 
interior of L. 

Lemma 2.5 Let L C M" he a mixed integer split polyhedron. Then R{L, P) ^ P if and only if there is a 
vertex of P in the interior of L. 

Proof. If is a vertex of P in the interior of L, where i £ V, then can not be expressed 
as a convex combination of points in P that are not in the interior of L, and therefore ^ R{L,P). 
Conversely, when L does not contain a vertex of P in its interior, then S'^v'^ > Sq for every valid inequality 
S'^x > Sq for R{L, P) and i G V. Since the extreme rays of R{L, P) are the same as the extreme rays of 
P, we have 5'^r^ > for every extreme ray j £ E. □ 

3. Cutting planes from inner representations of polyhedra The focus in this section is on 
analyzing the effect of adding cutting planes (or cuts) to the linear relaxation P oi Pj. We define cuts 
to be inequalities that cut off some vertices of P. In other words, we say an inequality > Sq is a, cut 
for P if S'^v^ < Sq for some i G V. Let V^g g^-^ := {i G V : S'^v^ < Sq} index the vertices of P that are cut 
off by 6'^x > 6o, and let V^.^ :^ {i G V : > Sq} index the vertices of P that satisfy S'^x > Sq. 

A cut S'^x > Sq is called non-negative if S'^r^ > for all j G E. Throughout this section we only 
consider non-negative cutting planes. Observe that non-negativity is a necessary condition for valid cuts 
for a mixed integer set. Indeed, if S'^ x > Sq is & valid cut for the mixed integer points in P, and j G E is 
an arbitrary extreme ray of P, then the halfline {x^ + fir^ : /i > 0} contains an infinite number of mixed 
integer points for any mixed integer point x^ G P. Therefore, if we had S^r^ < for some extreme ray 
r^ of P, a contradiction to the validity of S'^x > Sq for the mixed integer points in P would be obtained. 

3.1 The vertices created by the addition of a cut Adding a non- negative cut S'^x > Sq to 

the linear relaxation P of Pj creates a polyhedron with different vertices than P. We now analyze the 
new vertices that are created. For simplicity let A := {A S K.!^' : J2iev -^i ~ ^(i5<5o) {-^ G ^ ■ 
E.ey,-, . > = 1} ^(.5 So) := e A : J2kev,^, . , = ^^"^ ^ ^' '^^^^^ ^^ev ^^^'^ 

and for any /i > 0, define r^ SjeB Mi'""' • We now argue that the new vertices that are created by 
adding the cut S'^x > Sq to P are intersection points Intersection points are defined as follows. 
Given an extreme ray j G E that satisfies S'^r^ > 0, and a convex combination A'^ G A^^^^^, the halfline 
{vx + ar^ : a > 0} intersects the hyperplane {x G M" : 6-^x = Sq}. For j G E and A'^ G g^, define 



' S S X'^ f ^"^^^^^ if S'^r^ > 0, J 
' °' \ +00 otherwise. 

The number a'j{S,So, X'^) is the value of a for which the point v\c + ar^ is on the hyperplane S'^x — 
Sq. When there is no such point, we define a'j{S, Sq, X'^) = +oo. If a'^(S, Sq, X'^) < -t-oo, the point 
vx" + a'j{S, Sqt X'^)r^ is called the intersection point associated with the convex combination A"^ G A'^(^s So) 
and the extreme ray r^ of P. Observe that ct'j{5, Sq, X'^) is linear in A^. 

Given a convex combination A'^ G A'^g g^y and a vertex k G V^^ g^_^y the line segment between vx and v'^ 
intersects the hyperplane € M" : S'^x = Sq}. For k GV and A'^ G A'^g g^y define 



ll'^fc^Mo)' (8) 

+00 otherwise. 

The number /3'j^{S, (5o, A"^) denotes the value of /? for which the point va<^ + P{v'' — vx^) is on the hyperplane 
S'^x = Sq. Observe that P'i^{S, Sq, X") e]0, 1] whenever P'^.{S, Sq, X") < +oo. If P'f.{S,Sa, X") < +00, the 
point vx'^ + (3k(5, Sq, X'^){v'^ — vx") is called the intersection point associated with the convex combination 
A'^ G A^^^^^ and the vertex v'^ of P. For the polytope P of Figure [T] and a cut S'^x > Sq, Figure [2] gives 
an example of how to compute the intersection points for a given convex combination A*^ — (^,5)- 
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S X > S„ 




8 x>5n 



(a) The polytope P from Figure[T]and (b) The convex combination v\c of (c) The Une segments that determine 
a cut with y'=((5,5o) = {1,2} and for A^^ = (i, i) /3^((5, <5o, A^^) for A; = 3, 4, 5 

Figure 2: Determining the intersection points from a polytope P and a cut 5^ x > Sq 



An important property of an intersection point of the form v\c + (5o, A"^)!; for k G ^(^,5^) Sind 



X'^ G Af^ is the foUowing, 



Lemma 3.1 Let S'^x > Sq be a non-negative cut, and let k £ ^{ssg}- -^'"^ every A'^ G A^^^-^-j, 
the intersection point v\a + (3'i^{S,So, X''){v'^ — v\a) is a convex combination of the intersection points 
V' + P'^{5, So, e^v'^ ~ v^) for i e V^l.^^y 

Proof. Define C := conv({i;''}U{w*}jg^^o ). Trivially we have wa<^ +/3^ ((5, 5o, A'=)(w'' -uaO C*. We 

will show the vertices of the polytope {x £ C : S'^x = Sq} are given by the points + f3'^{6, Sq, e*)(u'' — w') 
for i e V^g from which the result follows. If S'^v'^ ~ Sq, the result is trivial, so we assume S'^v'' > Sq. 

Therefore suppose x £ {x G C : S'^x = Sq} is a vertex of {x e C : S'^x = Sq}. We may write 



, where Ao + T,^ev- , , 

,,fe 



1, Aq > and Aj > for all i e V^^^^)- Using 
Ao = 1 — J2ieV'' '^^^ write x — v'^ + J2iev'' ~ ''^'^)- Multiplying with 6 on both sides 



then gives E.ey(=,_,^, ^ = 1' ^^^'^'^ ^^^^^ ^ ^^\l^-v° 



We can now write x — 

(yk I „, . „,k 

Vi.k ^ 

the result follows 



(6. So) 
k 



iev, 



Lemma 13.11 shows that the only vectors A'^ G A^^ g^^^ for which the intersection points of the type 
^^A"^ + P'ki^, So, A^)(w'° — v\c) can be vertices of {a; G P : S'^x > Sq} are the unit vectors. 

In order to characterize the vertices of {x G P : S'^x > 60}, we first give a representation of {a; G 
P : 6^x > Sq} in a higher dimensional space. Note that any point which is a convex combination of the 
vertices of P can be written as a convex combination of two points v\s and v\c , where A^ G A? 



and 



A" G A' 



We may therefore write P in the form 



X = x'' +r^,Ai > 0, A" G ^(s^sa)'^" ^ ^{SM) ^^'^ ^ c.omr{vx-,vx')}. 

'on A- G A^, 

and G conv(i;A<:, WA=)}• 



P = {x G 1 

Consider the set obtained from P by fixing the convex combination A'^ G A^^ g^ 

P(A=) {x G R" : :e - + r^, M > 0, A^ G A^, 
Observe that we may write P{X'') in the form 

P(A^) = {a; G M" : a; = + ^ efc(w'' - wa^) + r^, /i > and e G A}. 



kev, 



(S.So) 



Now consider the set P'(A'^) obtained from P(A'^) by also considering the multipliers on the vertices 
of P indexed by V^g g^y and the extreme rays of P 



P'(A=) :={(a;,e,/i)€ 



Bn+|y|+|£;| . 



a; = t;A + 



E 



ek{v'' 



Tfj., fJ- > and e G A}. 



fcey, 



Mathematics of Operations Research xx(x), pp. xxx-xxx, ©200x INFORMS 



The scalars oi'j{5, (5o, A'^) for j & E and (31(6, 60, X'^) for i & V give an alternative description of the set 
of points in P that satisfy a; > in a higher dimensional space. 

Lemma 3.2 (Lemma 2 in JTj). Let S'^x > Sq be a non-negative cut for P. For any X'^ € A^^ we have 

f^E ^ > t^V '^0' ^ > 

Proof. We have {x,e,p,) e P'(A'') and S'^x > 60 <:=^ x = v^c + J^kev efe(^*' - + fp, 

where e,fl > 0, Y.kGV ^fe < 1 and 5'^x > Sq x = wa^ + J2kev- ^k{v^ - vxc) + rfi, e, > 0, 

Ekevf, , /"'^ < 1 , , ^kS^i^" - ^'aO + E,eE H^'^rr) > (So - S^v,.) ^ {x, e, A) G P'(A^) 

and Y.kev '^k/P'^i^. So, A^)+ E.eijMj/^K'^: '^o, A^) > 1. □ 

Based on the above result, we can now characterize the vertices of {x G P : S'^x > Sq}. Specifically 
we show that every vertex of {x G P : S'^x > Sq} is either a vertex of P that satisfies 5'^x > Sq, or an 
intersection point obtained from a vertex of P that violates S"'"x > Sq. 

Lemma 3.3 Let 5^x > 6q be a non-negative cut for P. The vertices of {x £ P : 5^ x > Sq} are: 

(i) vertices v*' of P with k G V^sSo)' 

(ii) intersection points + /3fe(<5, e'^){v^ — v'^), where i G V^^ g^-^ and k £ V^g and 
(Hi) intersection points + a^ ((5, e')r^ , where i G V^^ and j E E satisfies S^r^ > 0. 

Proof. Let x e {x e P : S'^x > Sq} be a vertex of {x G P : 6'^x > Sq}. Also let A'' e ^(sSo) 

(e, p,) be such that (x, e, p.) G P'(A'=) and x = ^kiv'' -v\c)-\-J2ieE P'i'^^ ■ ^^^^ce PiX") C P, 

we must have that a; is a vertex of {x E P(X'^) ■ 5'^x > Sq}. We first show that x must be either of the 
form: (a) a vertex v'' of P with k e V(^g (b) an intersection point v\a + /3^((5, (5o, A'^)(t;*'' — v\c) with 

k e V(^g g^y or (c) an intersection point vxa + a'j{S, Sq, X'^)r^ with j E E satisfying S'^r^ > 0. 

Clearly, if x is a vertex of {x E P(A'^) : 6"^x > Sq} which is not a vertex of P, we must have that x 
satisfies S'^x > Sq with equality. From S^x — 6q, it follows from Lemma [22] that {x, e, p) E P'(A'^) and 

Pj \ ^ ('k 



^«'(5,5o,A^) /3;(<5,(5o,A^) • 



jeE ' - ' feGV,,,^, 



We can now write 



E '7j(wA= +aj(^,'5o,A'=)r^) + E 7/c(^^a<^ + /3fc(^, ^0, A")(w'= - waO) + E '^j'^^' 

where := {j G £; : 5^r^ = 0}, r;, ,,(,X.a-) ^^^^ ^' ^ ^ \ ^= /^rFfa) f"'" ^ ^(Mo) 

Sie_E\_EO '7j + X^fceys 7fc — 1- Hence x must be of one of the forms (a)-(c) above. 

We now show (i)-(iii). If i is a vertex of P, where A: G So)^ ^re done, so we may assume 
that either x — v\c + (3'f.{6,SQ, X''){v'^ — v\<:), where k E Vi^sSo)^ or x = v\o + a'j{d,So, X'')r^ , where 
j E E satisfies a'j{S,do, X'^) < +00. If x is of the form x = vx" + a'^{6, Sq, X'')r^ , we may write x = 
vx^ + a'^iS, 5o, X-y = vx^ + '"-^'^ ri = E.ei^^ ^^v' + ^"i^r^)- Since a'^{S, 60, e^) = ^"5^ and 
a: is a vertex of {a; G P : S'^x > 60}, this implies A^ = 1 for some i E V(g g^y Finally, if x is of the form 

X — v\a + 60, A'^)(u'^ — v\a)^ then Lemma [3.11 shows that x is of the form + /3^((5, Sq, e^){v'' — w*) 
for some i E V^'g g^^ and k E V^g g^^ . □ 

Lemma 13.31 motivates the following notation for those intersection points vxc + a'A6, Sq, X'')r^ and 



3 

a'^{S,6o,e'), and given i G ^(=^ ,5^) and k E V^^'g^g^y define /3-_fe(<5, (5o) := (5o, e*). 



^A<: + f3'k{S,5o, X''){v^ — vxo), where A'^ is a unit vector. Given i & Vfg g . and j E E, define a - , ((5, (5o) := 
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3.2 Dominance and equivalence between cuts Given two non-negative cuts {5^)'^x > Sq and 
((5^)"^x > 6q for P, it is not clear how to compare them in the space of the x variables. By including 
the multipliers on the extreme rays and on the satisfied vertices in the description, such a comparison is 
possible. We assume all non-negative cuts considered in this section all cut off exactly the same set of 
vertices C V of P. Our notion of dominance is the following. 

Definition 3.1 Let {6^)'^x > 5q and {S^Y'x > 5q be two non-negative cuts for P that cut off the same 
set om vertices = VF^-, = VF„ of P. 

(i) The cutting plane {5^)'^x > dominates {6'^)'^x > on P iff {x e P : {S^^x > 51} C 
{x€P: [S'^Yx > 51}. 

(ii) If {5^)^ X > (5q dominates {5'^)'^ x > (5q on P, and {6'^)'^x > 6q dominates {S^)'^x > 6q on P, we 
say {5^)'^x > (5q and {S'^)'^x > Sq are equivalent on P. 

We now show that an equivalent definition of dominance between a pair of non-negative cuts is possible, 
which is based on intersection points. 

Lemma 3.4 Let {S^)^x > Sq and {S'^)^x > Sq be non-negative cuts for P satisfying V — V^gi = 
V^g2 g2y Then {S^)'^x > Sq dominates {S'^)'^x > Sq on P if and only if 

(i) The inequality ^, < ^, g-i) holds for j G E and i £ . 

(The halfline {u* -|- ar^ : a > 0} is intersected later by [S^)^ x > Sq than {S'^)'^x > Sq) 

(ii) The inequality -p, — ^.^^ < -^t — g.i-^ holds for A; G V \ and i £ V^. 

(The halfline {u* + (3{v^ - v') : P > 0} is intersected later by {S'^)'^x > S^ than {S'^Y x > S^) 

Proof. Define -.^ {x e P : {S^ fx > S^} and Q'^ := {x e P : {S'^)^x > <5§}. First suppose 
{S^)^x > Si dominates {S'^)'^x > Sq on P, i.e., suppose C Q^. We will verify that (i) and (ii) are 
satisfied. First let i £ V and j £ E he arbitrary. If a'ij{5^,SQ) ~ +00, then trivially = ^, ^^-^ < 

-n—rjTTJ) - If ct'i ii^^, Sq) < -\-oo, then the intersection point y :— + a'^ j{S^ , <^o)^"' satisfies {S^)'^y = Sq, 

and therefore y £ Q Q^. Hence we have {S'^Yy — {S^)'^v' + a'^ .j{S^,Sl){S'^)'^r^ > Sq, which implies 

Now let i £ and k £ V \ he arbitrary. The point z := -f /?■ i5q)(u'° — v^) satisfies 
{S^fz = Si Hence z e Qi C Q^, and therefore {S^)'^z = {S^)^v' + Plf^{S\Sl{S^f{v'' -v') > S^ which 

implies /3^(5i,5i) ^ f^lJ^s-)- 

Conversely suppose (i) and (ii) are satisfied. Since V = V(^gi = V(g2 every vertex v'' of P with 

k Q V \ is a. vertex of both and Q^. Furthermore, (i) ensures that every vertex of of the form 
-\- a'^ j{S^,Sl)r^ belongs to Q^, where i £ V^, j £ E and a- ^((5^, (5g) < -l-oo. Finally, (ii) ensures that 
every vertex of of the form -I- /3j' i^{S^, Sq){v'^ — tj') belongs to Q^, where i £ V and k £ V \ . We 
have therefore shown that every vertex of belongs to . Since the sets and have the same 
extreme rays \r^} ^^^-^ therefore have C Q^. □ 

Let £- V he arbitrary, and let {(S^)^ x > ^oll^i ^ finite set of non-negative cuts. We assume 
V'^{S'', Sq) — for all / £ {1, 2, . . . , m}. We now derive a dominance result for the polyhedron Q{V'^) 

QiV") ■.^{x£P: {SYx > Si, for I ^ 1,2, . . . ,m}. 
Lemma 3.5 (This lemma is a generalization of Lemma 3 in JT^) 

Assume QiV^) ^ 0. Let S^x > Sq be a non-negative cut for P satisfying V^IS, Sq) — . Then S'^x > Sq 
is valid for QiV) iff there exists a non-negative cut {S')'^x > Sq for P that satisfies 

(i) {S')'^ X > Sq is a convex combination of the inequalities [S^)^ x > Sq for I — 1,2, ... ,m, 

(ii) {S')"^ X > Sq dominates S^ x > Sq on P. 



Proof. Consider the linear program (LP) given by mm{S^x : x S Q{y^)}. The assumption 
QiV^) ^ and the vahdity of d'^x > 5o for Q{V'^) implies that (LP) is feasible and bounded. We can 
formulate (LP) as follows. 

min 6^ X 

{S^x > (5^ for all ^ e {1, 2, . . . , m}, (wi) 
4 < Ai for all i e (z,) 

kev\v 

X] = 1' ("o) 
e\^l\\> for all i e 

From the dual of (LP), we obtain ueW\w e W"\ z G MI^'I and mq G M that satisfy 

(i) "0+ 'Ta=\ ^''^0 > f^o, 

(ii) ~u — (5, 

(iii) u^w* + 1 w/((50^«' + Zi + uo < for aU i e V. 

(iv) u^(w'= - + M^Yi^'' -v')-Zi<0 for aU i e and k e V \ Y". 

(v) u^rJ + 1 w/(<50^?-^' < for aU j e 

(vi) iD > and z > 0. 

Let ^ := X)"=i'"'''^' ^'I'i ^0 := Tl^i^o'^i- Since > is a non-negative combination of the 
inequalities {{S^Y' x > Sq}]^^, we have that S'^x > Sq is valid for Q{V''). Furthermore, the inequality 
S'^x > ^0 is a non-negative combination of non-negative cuts for P, and therefore S'^x > is also a non- 
negative cut for P. Finally, since V^iS^d^) = V for all Z e {1, 2, . . . , to}, we have ¥"{5, So) = V. We 
will show that 5^x > Sq dominates S^x > Sq on P. The system (i)-(vi) implies the following inequalities. 

(a) uo + ^0 > Sq. 

(b) ^6^v' + + z, + uo < for all i G 

(c) -S'^iv^ - i;^ + ¥{v^ -v^)-z,<Q for all i G and fc G F \ 

(d) + ¥ri < for all j G E. 

(e) w >0 and z > 0. 

We first show , }, , , < , h . , for all i G V and ? G E. Therefore let i G V and 7 G i?. If 
ot^ ^(^, 5o) = +00, then 8^ — 0, which by (d) implies that also = 0, and therefore 



Furthermore, if S'^r^ = 0, then trivially — , h ^ ^ < , h x ) ■ We can therefore assume 



a4,(5,5o)' '^^''"^^"i^i^i w , >,ii^ii uii.ic^iij ^ a^_(5,5o) - aC,(5,5o)' 

a'-^{S,6o) < +00 and (5^r^ > 0. Multiplying the inequality of (d) corresponding to j with a'-, ^(6,60) 
and adding the result to the inequality of (b) corresponding to i gives ~6'^{v'' + ajj{S,do)r^)+ W{v^ -f- 
a'-, ^{5,5o)r^) < —uq ~ zj < Sq — Sq. Since we have S'^iv'- + a'-, ^(S,5o)r^) = Sq, this implies (5^(u* + 
ajj{S,So)r^) < ^0- Now, ajj{S,So) is defined as the smallest value of a such that S'^{v^ + ar^) = (5o- 
Since 5'^ [v"^ A- -.{5 , SqY^ ) < ^0 , this means we must have j ( J, 5o ) > j ((5, ) i and therefore ^, < 
■^;p—(sIo)' Hence condition (i) of Lemma l3.4l is satisfied. 

We now show h I ^ < L , ^ for all i e V a.nd k e V \ V. Therefore let i e V and k £ V \ V. 

/3i_fc(<5,*o) — Pi, fc(o,5o) ^ ^ 

Multiplying the inequality of (c) corresponding to (i,fc) with /34j(^, Jq) and adding the result to the 
inequality of (b) corresponding to i gives —5'^{v^ -I- Pj^.i^, 5q){v'^ — v^))+ 5^(u* -I- (ij ^(5, 5q){v^ — w*)) < 
-uo -zi<5o- So. Since 5'^ {v^ + P{ j^{6, So)iv'' - v')) = ^o, this implies d^{v' + (3ij^{S, dQ){v'' - v')) < 
60. We have that /34 r{6, So) is defined as the smallest value of /3 s.t. 5^(u* -I- /3(u'^ — v^)) = So, and since 
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^^(w*+a( .((5,(5o)rJ) < Sq, this implies ^-^j^iSjo) > Plj.{S,So). It follows that ^, Jg^^^^ < fj^JsM) ' Hence 

condition (ii) of Lemma [33] is also satisfied, and therefore S^x > So dominates S^x > So on P. 

To finish the proof, we will argue that we can choose (5"^x > to be a convex combination of the 
inequalities {((5')^x > Sq}^^. Observe that, if J^iLi "^i ¥^ Oi then the inequality {S')'^x > S'o defined by 
{S',Sq) := -^y!^-—-^{S,So) is a convex combination of the inequalities {{S'-)'^x > Sq}]^^ and {S')'^x > S'q 

is equivalent to S'^x > So on P. We therefore only have to show i 0- If — then 

(i)-(iii) give uo > Sq and —S^v'^ + Zi + uq < for all i G V, which implies S'^v'^ > So for all i G . 
Furthermore, (iv) reads —S^[v^ — u*) — < for all i g and k e V\V'^. Given i gV and fc G VXV^, 
adding the inequality —S'^iy^ — u*) — < of (iv) to the inequality of (iii) corresponding to i gives 
—S'^v^ < —Uo < —So- Hence S'^x > So is satisfied by all vertices of P, which contradicts that S^x > So 
is a cut for P. Hence i wi ^ 0. □ 

3.3 A sufRcient condition for polyhedrality We now consider the addition of an infinite family 
of non-negative cuts to the polyhedron P. Specifically, consider the convex set 

X ■.= {xeP : (S'fx > (5o for / e /}, 

where / is now allowed to be an infinite index set. The goal in this section is to provide a sufficient 
condition for X to be a polyhedron. For this purpose, we can assume V'^{S'-,Sq) = V for all / £ I, i.e., 
we can assume all cuts cut off the same vertices. Indeed, if the cuts Z e / do not cut off the same set of 
vertices, then define the set 

■.= {lel -.ViS'^SD^S} 
for every S CV, and let S -.^{SQV : r{S) ^ 0}. We can then write 

X = r\ses{x G P : [S^x > (Jq for I G 5} 

Since S is finite, we have that X is a polyhedron if and only if X is a polyhedron under the assumption 
that V'iS^Slj) = for all I G /. 

For simplicity let a'^^ i := a- (Jq) for all {i,j,l) G V x E x I, and /3- ^. ^ /3^.((5', (^o) ^'^^ all 
{i,k,l) G V X {V \ V^) X I. Furthermore, for any I G /, let a\ denote the vector in IRI^'^I^I^I whose 
coordinates are a'^j ^ for {i,j) gV^ x E, and let denote the vector in mI^°I^I^\^°I whose coordinates 
are ^ for {i, k) G x {V \ V). 

We will show that X is a polyhedron when the following assumption holds. 

Assumption 3.1 Let a* > and {3* g]0, 1] be arbitrary. 

(1) For all {i,i) gV x E, the set .,)(a*) := >a* -.1 G 1} is finite 

(There is only a finite number of intersection points between the inequalities > (5g for I G I 

and the halfline {u* + ar^ : a > a*}). 

(2) For all {i, k)GV''xV\ V , the set IP^(i,k){P*) ■= {Pl^.i > f3* : I G 1} is finite 

(There is only a finite number of intersection points between the inequalities {S'')'^x > Sq for I G I 
and the halfline {v' + f3{v'' - v^) : l3 > P*}). 

The main theorem is the following. 

Theorem 3.1 Suppose {(i5')"^a; > i5o}/e/ a family of non-negative cuts for P that satisfies Assumption 
\3.1l and suppose = V'^{S'',Sq) for all I G I. Then the set X is a polyhedron. 

We will prove Theorem 13. ll bv induction on |y \ + 

3.3.1 The basic step of the induction We first consider the case when \V \ V^l + \E\ = 1. The 
proof of Theorem 13. II in this special case is by induction on {V^l, and this proof is essentially the same 
for both the case when \ T^'^l = 1, and the case when \E\ = 1. We therefore assume E = {1} and 
|y \ V^'^l = in the remainder of this subsection. We first consider the case when = 1. 



12 



Mathematics of Operations Research xx(x), pp. xxx-xxx, ©200x INFORMS 



Lemma 3.6 (Lemma 7 in fJ^). Suppose |y| = 1, \V \ = and E ^ {1}. Then there exists I e I 
such that X = {xG P : [5^)^x > 61} . 

Proof. For simplicity assume = {1}. We have 

P = {a; e R" : X = + ^ir^ and ^ii > 0}, and 

{xeP: {S'fx > (5(,} = {x e R" : X = «i + nir\ fi^ > and , f^^. > 1} 

for all I e /. Defining al ^ := supja'^^ ^ i : I E 1} then gives 

X = {x e R" : X = + fiir\^i > and — > 1}. 

Hence the only issue that needs to be verified is that the value i is attained for some I E I. If there 
exists / E I satisfying (J')-^r^ = 0, we are done, so we may assume a'l 1 1 < +oo for all I E I. Choosing 
V E I arbitrarily. Assumption I3.1l fi) shows the set IP^j^ is finite. Therefore the supremum is 

achieved. □ 

The induction hypothesis is as follows. For every i eV^, define 

P' - conv({w''},,,g^.\^,j) + cone({ri}), and 

X"- {x e : (^')^x > (5o for all I E I}. 

The induction hypothesis is that X'^ is a polyhedron for all i E . Hence, for every i e T^^, we can 
choose a finite subset PCI such that X^ — {x E P^ : [5^)'^ x > (5g for alH G /*}. 

Let / :— Uievc/* denote the set of all inequalities needed to describe the sets X^ for i E V. Also 
let X :— {x E P : (i5')"^x > Sq for / S /} be the approximation of X obtained from the finite set of 
inequalities indexed by /, and define the numbers 

a* := min{a^ 1 ; : I E 1} > for all i E V. 

The number a* gives the intersection point + ^r^ which is closest to over all inequalities / E I. 
Based on the induction hypothesis, we now show that X is a polyhedron when — and E — {1}. 



Lemma 3.7 (Lemma 8 in fTl). If \V =0 and E {1}, then X is a polyhedron. 

Proof. Consider an inequality I' E I \ I. We will show that ((5' )'^x > Sq is valid for X if there 
exists i' E such that ai'^i^i' < a*,. This implies that it is sufficient to consider inequalities I E I \ I 
that satisfy a^^i,; > a* for all i € to obtain X from X. Since the sets IP(j ^)(a*) for i E are finite 
f Assumption [3TT1 (i) ) . and since two inequalities with exactly the same intersection points are equivalent 
(Lemma 13. 4p . this shows that only a finite number of inequalities from / \ / are needed to obtain X from 
X. 

Therefore suppose I' E I \ I and i' E satisfies Ui'^i^i' < a*,. For simplicity let {S',6'q) := ((5' ,6q). 
Since {6')^x > Sq is a non- negative cut for that is valid for X^ (the induction hypothesis), Lemma 
13.51 shows there exists an inequality 6^x > Sq that dominates {S')'^x > Sq on P' , and that S'^x > Sq can 
be chosen as a convex combination of the inequalities {S'')'^x > Sq for I E I. We therefore have 

S — ^ XiS', and 
lei 

So ^'^XiSq, where 

lei 

^ A, = 1 and A/ > for all I E I. 

lei 

We will show that S'^x > Sq dominates {6')'^x > S'q on P by verifying that condition (i) of Lemma 
is satisfied. We know S'^x > Sq dominates {S')'^x > i5q on P' . Lemma [3.41 therefore gives 

^ < , for all ieVX {i'}. 



<i{S,So) - <^6',5'q) 
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To finish the proof, we will show — — ]. . , < — ; — tsttm • The definition of a*, gives 

for_alHG/. Since ^o-^^t'*' =J2i£i^i (31^ - {SY v'' ) and F =E/e/^/ we obtain Jq-^^w'' > 

a*,6'^r^, and therefore a*, < a-, (5o)- The choice of a*, and {S')'^x > S'q gives ai',i(<5', (5g) < a*,. Hence 
a',, i{S',S'o) < a^,_i(^,4), which implies l/aj,_i(5, ^0) < 1 / a[, -^{6' , S'q) . □ 

3.3.2 The induction hypothesis We now present the induction hypothesis. Given a vertex v'' of 
P with k E V XV^, consider the polyhedron obtained from P by deleting v'' 

P'" ■■= (^oM{A^ev\{k}) + cone({r^}j-g£;), 
and given an extreme ray of P with j G i?, consider the polyhedron obtained from P by deleting 

P^ conv({w*},^g^) + cone({rJ'}^.,g^\{^.j). 

From the inequalities [S^x > Sq for ^ G /, and the polyhedra P*^ and P-' , we can define the following 
subsets of X. 

X'' := {x G P'' : {5^ x > (5^ for I G /}, and 

X^ := {x G P^ : {S^x > ^ ^ /}, 

The induction hypothesis is that the sets X'^ and X^ are polyhedra for all k E V \ V and j G E. This 
implies that for every k E V XV^, there exists a finite set P <Z I such that 

X^ = {x E P^ : {SYx > (5^ for I E l''}, 

and for every j E E, there exists a finite set C / such that 

X^ = {xE P^ : {S^fx > for I E P}. 

Define / := (Ufcgyyyc/*^) U (UjesP) to be the set of all inequalities involved above. The set / gives the 
following approximation X of X. 

X --{xE P : {SYx > (5^ for all / G /} 

3.3.3 The inductive proof We now use the induction hypothesis to prove that X is a polyhedron. 
The idea of the proof is based on counting the number |SIP(/')| of intersection points that are shared by 
all cuts in a family /' C / of cutting planes. This number is given by |SIP(/')| = |SIP''(/')| + |SIP''(/')|, 
where the sets SIP''(/') and SIP''(/') are defined by 

SIP"(/') ~ {{i,j) eVxE: a',j-,^ = a[ j i^ for aU h,l2 e /'}, and 
SIP'^(/') {{i, k)EV^xiV\ V^) : A'^,,^ = for aU h,h e /'}. 

Clearly we have < |SIP(/')| < x E\ + x {V \ V)] for aU /' C /. Furthermore, if |SIP(/')| = 
I V^^ X + I V"^ X (V^ \ y^)!, then all cuts indexed by /' share all intersection points with the halflines 
{v'+ar3 : a > 0} and {v' + l3{v^ - u*) : /3 > 0} for iEVjEE and kEVXV. This then implies that 
all cuts indexed by /' are equivalent on P (Lemma[33). Therefore, if |SIP(/')| = x El + lV x (y\V'')\, 
then the set X' given by X' := {x G P : {S'')'^x > 6q for all I E I'} is a polyhedron that can be described 
with exactly one cut from the family /'. 

The main idea of our proof can now be presented. Clearly we can assume that the family / does not 
give a complete description of X (otherwise there is nothing to prove). We will show the following lemma. 

Lemma 3.8 Assume the sets {^'^l^gy^yc o.nd {X^}^^^ are polyhedra. There exists a covering of I into 
a finite number of subsets {P}g^i such that 

for all (7 G {1, 2, ... , ns}, either P C J, or \SIP{P)\ > \SIP{I)\, 

where ns denotes the number of subsets in this covering. 
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The goal of the remainder of this section is to prove Lemma [^751 We first argue that Lemma [^751 implies 
that X is a polyhedron. The fact that is a covering of / implies 

where X{I'^) :— {x E P : {5'')'^x > 5q for all I G /''}. Therefore X is a polyhedron if X{I'^) is a polyhedron 
for aU g e {1, 2, . . . , ns}. Since |SIP(/9)| is larger than |S1P(/)| for all 9 e {1, 2, ... , ns} satisfying ^ /, 
recursively applying Lemma l3.8l will create a tree of subcases, where the sets corresponding to the leaves 
of this tree must be polyhedra. It then follows that X is a polyhedron. 

We now proceed to prove Lemma 13.81 The covering of / is based on the following positive numbers 
that measure how close the cuts {{d'')^x > Sq}i^j cut to a vertex of P. 

a* := minja,^ ^ ; : i G and I € 1} for j G E, and 
PI := min{^,' : i e V und I e 1} for keVXV. 

Given j G E, the number corresponds to a vertex of P and a cut {S'')'^x > for which the 
intersection point + ajj is as close to as possible. Similarly, given k G F \ y , the number /3| 
corresponds to a vertex of P and a cut {6^)'^x > 5g for which the intersection point 1;*+ /34 ^ j{v^ — v^) 
is as close to as possible. 

The numbers {o^jlj-ge Sind {Pk}kev\V'= ^Uow us to provide the following conditon that the cuts 
{S'')'^x > Sq for I E I \ I must satisfy in order to cut off a region of X. Clearly cuts that are valid 
for X can be removed from / \ /, since they do not contribute anything further to the description of X 
than the cuts indexed by /. 

Lemma 3.9 (Lemma 8 in JTI). Assume the sets {^'^}kev\V'= '^'^'^ i-^''}jeE '^'"^ polyhedra, and let I G /\/ 
be arbitrary. If either 

(i) There exists j £ E such that max{a^ j j : i E V and {i,j) ^ SIP^{I)} < a*. 

(The cut {5^)^ x > (5q does not cut off any point of the form + a-T^ which is not an intersection 
point that is shared by all cuts in I), or 

(ii) There exists kEVXV such that max{/3^' -^j : i and {i,k) (f. SIP"{I)} < PI 

(The cut {S'')'^x > Sq does not cut off any point of the form + P'^iv'^ — v^) which is not an 
intersection point that is shared by all cuts in I), 

then the cut [S^)"^ x > Sq is valid for X . 

The proof of Lemma 13.91 will be given at the end of this section. We first argue that Lemma 13.91 can 
be used to prove Lemma 13.81 which thereby finishes the proof of Theorem 13.11 

Lemma 157^ shows we can partition the cuts {{S'')'^x > <^o}/g/ into three categories. 

(1) The cuts indexed by / that define X. 

(2) The cuts, indexed by some set C / \ /, that satisfy either Lemma [3.91 (i) or Lemma [3.91 fii). 
and these cuts are valid for X. 

(3) The remainder of the cuts indexed by / \ (/ U /''). Every cut Z G / \ (/U /'') satisfies: 

(i) For all j G E, the cut {S'')'^x > Sq cuts off some intersection point of the form + ce*r^ , 
which is not an intersection point that is shared by all cuts in /. 

(ii) For all fc G V \ V, the cut ((5')^x > Sq cuts off some intersection point of the form + 
P%{v^ — v^), which is not an intersection point that is shared by all cuts in /. 

Clearly we can assume T'' = %. Let i E V^, j E E and fc G V he arbitrary. Recall that the 
sets IP(j ,,)(a*) and IP^i^fc) (/S^) identify the intersection points between the hyperplanes {{S^)'^x = Sq}i^j 
and the halfiines {w* + ar^ : a > a*} and {w* + /3(u'^ — P^,} respectively. Hence we may write 

IP^,,^-)(a*) and IP^kM) in the form 
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where the numbers :— |IP^j_^^(a*)| andn''(i,fc) :— llP^^^fe) (/3fc)| denote the sizes of the two sets. For 

simphcity let N^^ :— {1, 2, . . . , j)} and N^^ ^.^ :— {1, 2, . . . , /c)} index the intersection points. 

All intersection points between a hyperplane {5^)'^x — Sq with I ^ I \ I and a halfline either of the 
form {w' + ar-' : a > a*} , or of the form + — u*) : /? > /3|;}, can be identified with elements of 
the index sets 

AIP^ J, q):teV',jeE and g e N(^^^^}, and 

AIP" {(z, k,q):ieV'',keV\ V and g e 

For a specific cut {S^Y'x > (5q with / G /, let the sets 

IP^(/) g)eAIP^:<^.,=<^.} 
IP-^a) :={(^,A:,g)eAIPV/3^,,,=/3^_J. 

index the intersection points between ((5')^a; = (5q and the halflines {v^+ar^ : a > a*} and u*) : 

/3 > f3^} for i e j e and fc G F \ V^^ 

Observe that, from the definitions of a* and for j G E and fc G F \ we have IP'^(/) ^ and 
IP''(Z) ^ for all Z G /. Furthermore, property (3) above and the assumption I*" = ensures that 
IP" {I) ^ and IP"(0 ^ for alU G / \ /. Hence we have ^^=(0 7^ and IP"(/) ^ for aU I G /. 

Given a pair (S**^, S'") C AIP^ x AIP", the sets S'^ and S*" may or may not denote the index sets for all 
intersection points between a specific hyperplane ((5')"^x — (5q and the halflines {v^ + ar^ : a > a*} and 
{v' + P{v^ PI} for i G V^^ j G fc G \ F'^ and / G /. Let 

S* := {{S^.S") C AIP" X AIP'' : S" = IP'(Z) and S*" = IP"(Z) for some / G /} 

denote the set of all pairs (S**^, S^) that describe the index sets for the intersection points for some cutting 
plane I G /. For a given pair (S"", S*") G 5*, let 

CA(S'^S'") := {I G I : S" = iVit) and 5"" = IP"(0} 

denote the set of all cuts associated with the pair {S'^^S^)^ i.e., the set of all cuts whose intersection 
points with the halflines {w* + ar^ : a > a*} and {v^ + j3{v^ PI} for i G V , j G E and 

k gVXV^ are characterized by the pair (S"^, S^). 

We claim that the finite number of sets {CA(5''^, S''')}^ge S")e5* provides the covering of / that is 
claimed to exist in Lemma [3^ Indeed, the fact that IP'^(/) ^ and IP''(/) ^ for all Z G / implies that 
every cut Z G / belongs to some set CA(S'% 5") with (5% S*") G S* . Hence {CA(5•^ S"')}(5e^s.)g5. is a 
covering of /. 

Let (S"^, S"") G 5* be arbitrary. If CA(S"^, 5") C I, then clearly the condition in Lemma is satisfied 
for [S'^^S'"), so we may assume CA{S'^tS^) contains cuts from I \ I- Furthermore, we clearly have 
SIP(/) C SIP(CA(S'^ S")), since CA(5^ 5") is a subset of /. To finish the proof of LemmaEH we need 
to show that |SIP(CA(S'^S'^))| > |SIP(/)|. 

Lemma|331(i) shows that for every I G /\/ and j G E , there exists i G V" such that (z, j) ^ SIP'^(/) and 
aJj((S',(5Q) > a*. Furthermore. 13.91 (ii) shows that for every I G I\I and k G V , there exists i G V 
such that ii,k) ^ SIP''(/) and > PI This shows the existence of a cut IG CA(S'^ S*") that 

satisfies SIP(/), and therefore jsiP(CA(S'% S*"))! > |SIP(/)|. This completes the proof of TheoremO 

Proof of Lemma [3. 91 The proof of (ii) is the same as the proof of (i), so we only show (i). Therefore 
suppose the cut I G I\I and the extreme ray j G E satisfies the inequality max{a^ j j : i G V and (z, j) ^ 

SIP^(/)} < a^. For simplicity let {S\d'„) ((5'' , J^,'). 

Since {5')'^x > S'^^ is a. non-negative cut for , Lemma 13.51 shows there exists an inequality Wx > ^0 
that dominates {5')'^x > 6q on , and that this inequality can be chosen to be a convex combination of 
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the inequalities {S^)'^x > S^^ for / G /. Hence 



lei 



5o^^>^iSo, where 
A; = 1 and A/ > for all I G /. 



E 

lei 



We will show that S'^x > do also dominates {S')'^x > 6q on P by verifying that conditions (i) and (ii) 
of Lemma are satisfied. Since 5'^x > Sq dominates {S')'^x > S'q on P^ , we have 

^ < , ,\ „N fo'' * £ and j e E \ {]}, and 



We also know 



To finish the proof, it suffices to show 



< , A „^ for aU teV'andkeV\ V^. 
1 1 

for all i e V such that G SIP*'(/). 



< , for all i e such that i SlP^il). 



aality 

51, ~ (S^v' 



From the definition of a?, we have the inequality 



for alll £ I and i e V. The equalities So - Vv' = Y^iei^i i^o - (S^Vv") for aU i e V^, and S^r^ = 
J2iei^i (5')^r^ imply Sq — S'^v^ > a-J^r^ for all i € V^, and therefore a*. < a'.j{S,So) for aU i e V^. 
The definition of a? and the choice of the cut {S')'^x > 5q imply a^j((5',(5g) < max{a^ j((5', (5q) : i £ 

V such that {ij) ^ SIV^{I)} < for all i € such that ^ SIP''(/), and therefore a'..iS',6'o) < 
a'.j{Sjo) for all i £ V= such that (iJ) i SIP'=(/). Hence l/a^.(l,(5o) < 1/a'^ (5^) for all i £ V 
satisfying ^ SIP'^(/), which gives that 5^x > 6a dominates {5'Y'x > 6q on P. □ 

4. The structure of polyhedral relaxations obtained from mixed integer split polyhedra 

We now describe the polyhedral structure of the polyhedron R{L, P) for a mixed integer split polyhedron 
L. Throughout this section, L denotes an arbitrary mixed integer split polyhedron. Also, V™{L) := {i £ 

V : £ int(L)} denotes the vertices of P in the interior of L and y°"*(L) := F \ denotes the 
vertices of P that are not in the interior of L. We assume ^ 0, since otherwise R{L,P) = P 
(Lemma I2.5p . The set A := {A e M'^' : A > and 'J2iev ~ ^} used to form convex combinations of 
the vertices of P, and the set A'"(L) {A e A : J2ieV"^(L) ~ used to form convex combinations 
of the vertices in V^^{L). 

4.1 Intersection points Now consider possible intersection points between a halfline of the form 
{vxin + ar^ : a > 0} and the boundary of L, where A'" £ A'"(i) and j £ E. Given A™ £ A'"(L) and 
j £ E, define: 

aj{L, A'") sup{a : v^i^ + ar^ £ L}. (9) 

The number aj{L, A'") > determines the closest point Vxin+aj{L, \™)r^ (if any) to vxin on the halfline 
{v\in + ar^ : a > 0} which is not in the interior of L. Observe that if {vxin + ar^ '■ ct > 0} C int(L), then 
aj{L,X™) = +00. When aj(L, A'") < +oo, the point Vxia+ Q;j(L,A™)r^ is called an intersection point. 

The value aj(L,A™) is a function of A'". This function has the following important property. Given 
any convex set C C it is well known (see Rockafellar [H]) that the function / : R" R defined by 

f{x) := sup{^ : {x,fi) £ C} 
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is a concave function. Now, given any A'" G A'"(L) and j G E, we may write 

A'") = sup{a : (A'", a) G P{L)}, 

where P{L) is the convex polyhedron P{L) := {(A'", a) e mI^'"(^)I+i : vx^,. + ar^ £ L}. We therefore 
have that the fimction aj{L,X™) has the following property. 

Lemma 4.1 Let L be a mixed integer split polyhedron satisfying V"^{L) ^ and let j G E. The function 
aj{L, A*") is concave in A™, i.e., for every \^ ., A^ G A™(i) and /i G [0, 1], we have aj{L, + ^)X^) > 
^iaj{L,X^) + (1 - fj,)aj{L,\'^). 

Given a convex combination A'" G A'"(L), and a vertex k G the line between u>in and v'^ 

intersects the boundary of L. For k G V^°"'(L) and A'" G A™{L), define 

/3fc(L,A-) sup{/3 : z;;,.„ + - v^.n) G L}. (10) 

The number /3fe(£, A'") denotes the value of /? for which the point t;_;^i„ — Vxin) is on the boundary of 

L. The point w_)jin +/3(u'^ — w^in) is also called an intersection point, and we observe that Pk{L, A'") g]0, 1]. 
The intersection point vxin + l3k{L, A'")(w'"' — Wa") has the following important property. 

Lemma 4.2 Let L be a mixed integer split polyhedron satisfying V^™(i) ^ 0, and let k G V°'"*{L). For 
every A™ G A™(L), i/ie intersection point V\in + f3k{L, \™){v^ — wa™) a convex combination of and 
the intersection points + j3k{L,e^){v^ — u*) for i G V^™(L). 

Proof. Define C := conv({w* + f3k{L, e^){v^ — w*)}jgyi„(^)). We first show that the halfline {uaI" + 
f3{v^ - u^.n) : /3 > 0} intersects C for some (3* > 0. We have that {wa™ + - Wa-) : /3 > 0} n C 7^ if 
and only if the following LP is feasible. 

min 

J2 miv' + PkiL, e^){v^ - v^)) + /3(«A.n - v^) = vx. 
4eyin(L) 

^' = 1' 

iey'"(L) 
?7,/3 > 0. 

The dual of this LP is given by 

max S'^V\in — 8q 

6^{vx.. - v'^) < 0, (14) 
S^{v' + l3k{L, e'){v^ - v')) - (5o < 0, for all i G F'"(L). (15) 

Let (5, 5o) be a solution to (fH|) - P^ . Suppose, for a contradiction, that S^vxin — So > 0. Adding (HH) 
to the inequality of (fT5)) corresponding to i G F'"(L) gives S'^vxi^ — So + {1 — l3k{L, e^))S'^{v^ — v^) < 0. 
Since by assumption S'^vxm — Sq > 0, this implies S'^{v'^ — v^) < 0. Hence we have ^-^(u* — v'^) < for 
all i G F'"(L). Now, for aU i G V'"^{L), inequality ^ gives So - S'^v' > Pk{L,e')F{v'' - v'). Since 
ST(^yk _ > o_for aU i G V'^^iL), this imphes 5o - S^v' > for all i G ^''^(L). Multiplying each of 
the inequalities — S'^v^ > for i G F'"(L) with X™ and adding the resulting inequalities together then 
gives Sq — S'^Vxin > 0. This contradicts our initial assumption that S'^vxia — So > 0. 

Therefore there exists /3* > s.t. vxin+P*{v''-vxin) G C. Observe that, since i'*+/3fe(I', e')(w''-u*) G L 
for all i G V'^^iL), we have wa- + P*iv'' - Wa-) e L. If wa.., +/3*(w'= - i;a.») £ int(L), then /3fe(L, A'") > /?*, 
and therefore WAi"+ Pk{L, A'")(t;'^ — wa'-) G conv(C U {v'^}). If wa*- + P*{v'' — Vxin) is on the boundary of 
L, then Pk{L, A'") = /?*, which implies WA.n + /3fc(iv, A'")(u'= - wa..,) G conv(C U {v''}). □ 

Lemma 221 shows that the only intersection points of the form vx^ + Pk{L, X™){v^ — vxin) that can be 
vertices of R{L,P) are those where A'" is a unit vector. Figure [3] gives all the intersection points which 
can potentially be vertices of R{L, P) for the example of Figure [1] 



(11) 
(12) 
(13) 
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Intersection 
points 




(a) The polytope P and the spht poly- 
hedron L from Figure [T] 



(b) Intersection points from 



(c) Intersection points from 



Figure 3: Determining the intersection points from a linear relaxation P and a split polyhedron L 



4.2 The intersection cut In [3], Balas considered a mixed integer set defined from the translate of 
a polyhedral cone, and a mixed integer split polyhedron was used to derive a valid inequality for this set 
called the intersection cut. We now consider a subset P(A'") of P defined from a fixed convex combination 
g A'"(L) of the vertices in the interior of L, and we show that the intersection cut gives a complete 
description of the set R{L, P{X™)) in a higher dimensional space. Specifically, given any fixed convex 
combination A'" e A'"(L), we have the following subset P(A'") of P 

where A?-"* {A e RI^I : Efeey-' Afc < 1 and A > 0}. The corresponding lifted image P'(A'") of P(A'") 
in {x, e, fi) space is given by 

P'(A'") = {(x, e, Ai) e M"+I^l+I^l : x - v^.. + ^ efe(«'= - u^n) + ^ fijr^ > and e e A?f*}. 

The set P(A'") and the mixed integer split polyhedron L gives a relaxation B.{L, P(A'")) of the set of 
mixed integer points in P(A'") 

P(L,P(A'")) = conv({a; G P(A'") : x ^ int(L)}). 

The lifted version R'^(L, P{\™)) of P(L, P(A'")) in {x,e,fi) space is then defined to be the set 
P'(P,P(A'")) := conv({(a;,e,/i) G P'(A'") : x ^ int(L)}). Given A'" G A'"(L), and the corresponding 
intersection points, Balas [3] derived the intersection cut 



> 1 



(16) 



and showed that the intersection cut is valid for R}[L, P{\™)). We now show that, in fact, the intersection 
cut gives a complete description of R^L, P{X'^)). 

Theorem 4.1 Let L he a mixed integer split polyhedron satisfying ^ 0, and let A™ G A™(i). 



P'(L,P(A»))-{(a:,6,M)GP'(A») :^ 



E 



]£E ■'^ ' ^ feev-'Hi) ' ^ 



>!}• 



Proof. Since ^ is valid for R\L, P(A'")), we have 



P'(L,P(A-))C{(x,e,Ai)GP'(A'"):^ 



a,(L,A'") ' ^ /3fe(i,A'") 



>!}• 



Conversely suppose (a;,e,^) G P'(A'") and J2jeE a,(£^A'") + EfcGy°"Hi) ^ 1- We will show that 

{x,e,fL) G P'(P,P(A'")). Define £;°° := {j G £; : aj(L, A'") = +oo}. We distinguish four cases. 
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(1) First suppose E,gb a,fLV) + Ekev^'^HL) mtx^ = ^- can write 




t;A.n+/3fe(i,A-)(«'=-i;A„) 



k 








where Rj := ^.(g^^,„) for j e E \ E"^ and := ^^(|^^;^.„) for k e Since Vy,,+ 

aj{L,X''^y ^ int(i) for j e E\E°°, W;,i„+ ^^(L, A'")(t;'= - t;^") ^ int(L) for k € F°"*(L) and 
(rJ, 0, e^) is in the recession cone of R'{L, P(A")) for j e E°" , we have [x, e, /i) G P(A'")). 

(2) Now suppose E^eiJ S-(lfp^+ Efeey-Hi) rfl^ > ^ ^"^^ Y.keV''^^(L)^k = 1- This imphes 
^ ~ X]fcGV°"t(L) SjeB^j^"'- Since (r^, 0,e-') is in the recession cone of R'-{L,P,\™) for 
j e and since i int(L) for fc e we have (x,e,/2) G R\L,P{X"')). 

(3) Next suppose E.eij a,(L>) + Efcey-Hi) > ^ ^'^^ ^ < EfeGy°-(i) < ^ ^1°' 
be such that y := 6vy.. + (1 - (5)x = Efeeyo^Hi) ~ ^)efc(w'' - ^'A"0+ Ejes(l - 
satisfies J^j^e ^J(r0)+ Efcey-Hi) = 1- I* foUows from (1) that {y, [1-6)1, il-S)fl) G 
R^L, P(A'")). Let d := y—vxin, and consider the halfline {vxin+ad : a > 0}. For ay :— 1, we have 
v^ia + ayd — y, and for := jZs' have w_)i^in + a^d — x. Consider the point z :— Vxin + a^d, 

where as ■= .-x.r^ ^ —■ Since y2kav'"'U^^^k g]0,1[, we have ay < a^ < ag < +oo. 

Hence a; is a convex combination of y and z. We may write z — v^ia + a^d — V\in+ X]fee\/°"'(L) 
aj(l - S)ek{v'' - Wa'")+ J2jGE "2(1 " S)fijr3 . Observe that Y.kev-'-'^L) "^2(1 " ^)^k = 1- Hence 
we can write z = J2kev°-^HL)Vk'v''+ Z^jgB "sMj'^^ where fjk := ag^l - S)ek for k G 

and J2kev°"^{L)^k = 1- Since is in the recession cone of i?(L,P(A'")) for j G E, and since 
u''' G i?(L,P(A™)) for fc G y°"*(L), we have z G P(L,P(A'")). Since x is a convex combination 
of y G R{L, P{X''^)) and z G P(A''^)), we have x G P(L, P(A''^)). 

(4) Finally suppose Efceyoutf^j = and Sjgg a,(£'A'°) > 1- (3)' ^''^ ^ be s.t. 
y Sv^... + (1 - = fA- + EjeB(l - satisfies J2jge aJiHx) = 1- ^rom (1) we have 
(y, 0, (1 — S)fL) G P'(i, P(A"^)), and since y — Svxia + (1 — S)x, we have x — vxia+ a{y — f ai-); 
where a := j^. Since (y,0, §) G P'(i,P(A'")) satisfies J^jeE i^pn?^ = 1, (1) shows 




Vx^.+ajiL^y'^y 



I + E 7. 1 

aj(L,A'")eJ / jeiJ- \ e-' 

where J2jeE\E^ ^3 ~ 1' '^i — ^ j ^ E \ f-i^d 7j ^ for j G We can now write 

UA.n +^aj(L,A'")rJ \ / 




□ 



4.3 The vertices of R{L,P) The proof of Theorem 14.11 allows us to characterize the vertices of 
R{L, P). Observe that in the proof of Theorem 14. li every point in R{L, P(A'")) is expressed in terms of 
intersection points, vertices of P that are not in the interior of L and the extreme rays of R{L, P(A'")) 
for j G E. Hence the proof of Theorem 14.11 provides a characterization of the vertices of R{L, P(A'")). 



Corollary 4.1 Let L be a mixed integer split polyhedron satisfying ^ 0, and let A™ G A™(L). 

Define £'°°(A*") := {j e E : Qj(i,A™) = +00}. A vertex of R{L, P{X'"-)) is of one of the following 
forms. 
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(i) A vertex w*-' of P , where k G y°'"*(L), 

(a) An intersection point Vxm+ (3k{L, A*")(w'' — Vxm), where k € V°'^*{L), or 
(Hi) An intersection point Vx"^ + oij{L, A*"')W, where j £ E \ E°^{X^^). 

By using the properties of aj{L^X™) and /3fc(i, A'") for A'" e A'"(i) given in Lemma UT] and Lemma 
14.21 we can use Corollary 14. II to characterize the vertices of R{L,P). In the following, for simplicity let 
:= aj{L,e') and /3i,fc(i) := (ik{L,e^) for i G ^"(L), j e E and k e Also let E°°{L) := 

{j E E : aij{L) = +00 for some i S V™{L)} denote those extreme rays of P that are also rays of L. 

Lemma 4.3 Let L be a mixed integer split polyhedron satisfying V^"{L) 7^ 0. Every vertex of R{L,P) is 
of one of the following the forms. 

(i) A vertex of P, where k G V°^*{L), 

(a) An intersection point (3i^k{L){v^ — u*), where i £ V'^"{L) and k £ V°^^{L), or 
(Hi) An intersection point + aij{L)r^ , where i G V"*"(i) and j £ E \ E°°{L). 

Proof. Let x e R{L,P) be a vertex of R{L,P), and let (A'",e, /l) £ rI^I+I^I satisfy x = vxi,,+ 
EfcfEyout(i) ekiv'' - EjeisA^j^^ e > 0, p, > 0, £ A™(L) and EfcGy-t(L) < 1- Now, we have 

x £ R{L, P(A™)), and since R{L, P(A'")) C R{L, P), we must have that i is a vertex of R{L, P(A'")). It 
follows that X is of one of the forms Corollarv l4.1l fi')-fiiiV If x is of the form x = v'^ for some k £ 
we are done. Furthermore, if x = v^in + j3k{L,\™){v^ — vxin) for some k £ V^°"*(L), then Lemma [4.21 
shows that either x = v'^, 01 x = v"^ + f]j^ — w*) for some i £ V°^*^{L). 

Finally consider the case when x is of the form x — Vxin+ ctj{L, A'")r-' for some j £ E \ E°°{L). Since 
aj(i,A™) is concave in A'", we have aj(L,A'") > J2ieV'''{L)^T^i.]i^)- Let 6 > satisfy aj(i,A'") = 
J2ieV''^(L) K^i'^ijW + We can now write x in the form x = v^i^ + aj{L, A'")r^ = J^teV'^iL) + 
(ajj(i) + S)r^). Since Vi + {ai_j{L) + 5)r^ ^ int(L) for all i £ V™{L), and a; is a vertex of R{L, P), we 
must have 6 — and A4" = 1 for some i £ □ 

An important consequence of Lemma 14.31 is the following. For two mixed integer split polyhedra 
and L^, if = V'^'iL^), and if all the halflines {v' + ar^ : a > 0} and {v' + - v')} for 

i £ = V"\L^), j £ E and k £ V°'-'\L^) = V°''\L'^) intersect the boundaries of and at 

the same points, then R{L^, P) = R{L^, P)- In other words, the relaxation of Pj obtained from is the 
same as the relaxation of Pi obtained from . 

Corollary 4.2 Let L^ and he mixed integer split polyhedra satisfying V™{L^) — V™{L'^) ^ 0. // 
aij{L^) = a,j{L^) and (3.,,k[L^) = (5.,,kiL?) for all i £ V'"{L^) = V'"{L^'), j £ E and k £ V°"\L^) = 
V'°"*{L^), then R{L\P) = R{L^,P). ' 

Another consequence of Lemma [4.31 is that it is possible to write R{L,P) as the convex hull of the 
union of the polyhedra P(e*)) for i £ 

Corollary 4.3 Let L be a mixed integer split polyhedron satisfying V^"{L) 7^ 0. We have 

R{L,P) = conv(U,ey.„.(i)i?(L,P(e^)). 

Proof. Lemma 14.31 shows that every vertex of R{L, P) is a vertex of a set R{L, P(e*)) for some 
i £ V™{L). Furthermore, the union of the vertices of the sets R{L, P{e'^)) over all i £ V™{L) is exactly 
the set of vertices of R{L, P). Since the extreme rays of R{L, P) and the sets R{L, P(e')) for i £ V^'"(L) 
are the same, namely the vectors {r^}j^^, the result follows. □ 

Figure m illustrates Corollarv l4.3l on the example of Figure[T] The sets P(e^) and P(e^) corresponding 
to the two vertices and of P that are in the interior of L are shown in Figure 111(b) and Figure 
|H(c). Observe that the sets R{L, P{e^)) and R{L, P{e^)) are both described by adding exactly one cut 
to P(e^) and P(e^) respectively. Corollarv 14.31 then shows that R{L,P) can be obtained by taking the 
convex hull of the union of the sets R{L, P{e^)) and R{L, P(e^)). 
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(a) The polytope P and the spht poly- (b) The set P{e^) constructed from (c) The set P(e'^) constructed from 
hedron L from Figure [T] 

Figure 4: Constructing R{L, P) as the convex hull of the union of polyhedra 

4.4 Polyhedrality of the w^^ split closure We now use Theorem 13. II to prove that the w"^ split 
closure of P is a polyhedron. Let L e be an arbitrary mixed integer split polyhedron, where w > 0, 
and let 5"^ x > (5o be a valid inequality for R{L,P) with integral coefficients which is not valid for P. To 
use Thcorem l3.11 we consider potential intersection points between the hyperplane S'^x = 6o and halflines 
of the form {i;* + ar^ : a > 0}, and of the form {v' + P[v^ - : /3 > 0}, where i e V"'"(L), j E 
and k e V°^^{L). The properties we derive of these intersection points do not depend on the particular 
halfline, so we only consider the halfline {w^ -I- ar^ : a > 0}. We will show that the rationality of 
and can be used to limit the number of possible intersection points. This then allows us to conclude 
that the w^^ split closure is a polyhedron. We first give a representation of a[ i{S,5o) for a given valid 
inequality S"'"x > 5q for + ai^i{L)r^. 

Lemma 4.4 (Lemma 5 in J^). Let L € O" be a mixed integer split polyhedron with max-facet-width at 
most w > 0. Suppose G int(L) and ai.i(L) < -|-oo, and also suppose S'^x > Sq is a non-negative cut 
for {v^ + ar^ : a > 0} with integral coefficients that is valid for + ai.i (L)r^. 

(i) < a'i i{S,So) < q;i,i(L) < w, and 

(ii) a'l i{5,5q) = gt(fsl) ' ^^^^^ 5j (5o);i((5, (Jq) > are integers satisfying s{6,6q) < gw. 
(Note that the integer g is independent of both L and S'^x > ^oj- 

Proof. We may write L = {x e M" : {n'^j'^x > ttq for k e Nf}, where Nf := {1, 2, . . . , n/}, 
Uf denotes the number of facets of L and (7r'',7rg) e Z"+^ for k G Nf. Since G int(L), we have 

{t:'')'^v^ < ttq for all k G Nf, and therefore ai^i(i) = "^"^J^^J^-i^ for some k G Nf. Since L has max- 
facet-width at most w and G int(L), we have < ttq — (tt*^)-^?;^ < w. Hence, since (7r'^)-^r^ is integer, 
we have (7r'')"^r^ > 1, and therefore ai.i(L) < w. Furthermore, since S^x > (5o is a non-negative cut for 
the set {v^ + ar^ : a > 0} that is valid for + ai,i{L)r^ , we have a[ i{6,So) < ai^i{L). 

Recall that we assumed G Q" and G Z". We can therefore write — ( — ,22. . £n.) where 
Pk G Z and (7fc e N for fc = 1, 2, . . . , n. Define the integers g := Tl^^^Qk, dm ■= n^^^ j,_^^gfc for 
TO g {1,2, . . .,n}, s{6,So) := gSo-Ylm=i dmPmSm and t{S,6o) := S'^r^. Observe that ^IMal = Sq- 
With these choices, (ii) is satisfied. □ 

By using the above lemma, we can now bound the number of possible intersection points with a halfline 
of the form {v^ + ar^ : a > a*} for some a* > 0. 

Lemma 4.5 (Lemma 6 in fl^)- Let a* > and w > 0. Also let {{6'')^x > ^gj^gj be a set of non-negative 
cuts for {v^ -\- ar^ : a > 0} with integral coefficients that are all valid for a point + ai_i(i)r^ for some 
L G C". The set {alii5',6l) : I G I and a[^^{5\6l) > a*} is finite. 
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Proof. Let I € / satisfy a* < a[ iIS'-.Sq) < +00. We may assume a* is of the form a* — ^ for 
some integers s*,t* > satisfying < s* < gw. 

Let s((5',(5q) and t((5',(5Q) be as in Lemma [4.41 Hence we have a'l i{S\6q) = ^^^r^ry- This imphes 
s((5', ^o) e {1,2,..., {gw — 1)}, so there is only a finite number of possible values for s{S'',5q). Finally, 
Lemma|431(i) and a'i^i(J', > a* gives ^ < < w, and therefore < < ii^^A)!!, 

Hence, for a fixed value s{5\ Sq) G {1,2,..., {gw — 1)}, there is only a finite number of possible values for 
t{6\5l). □ 

By using Lemma l475l we can now conclude that the w^^ split closure is a polyhedron. 



Theorem 4.2 Let C C £™ be any family of mixed integer split polyhedra that have max-facet-width at 
most w > 0. The set r\LeR{L, P) is a polyhedron. 



Proof. Let {{5^)^ x > SqJ^^j denote the family of all cuts for P that are valid and facet defining for 
R{L, P) for some L ^ C. As discussed in Sect. 3.3, we can partition the cuts in / into a finite number 
of subsets I'^{S) C I according to which set C y of vertices they cut off. Lemma [4.51 shows that 
Assumption 13. II of Sect. 3.3 is satisfied by each set {{S'')'^x > So}i^ia(^sy □ 

5. Finite split polyhedron proofs Mixed integer split polyhedra can be used to design finite 
cutting plane proofs for the validity of an inequality for Pj as follows. Let 6^x > Sq he a. valid inequality 
for Pj. Observe that, if S'^x > Sq is valid for R{L, P) for some mixed integer split polyhedron L, then L 
provides a finite cutting plane proof of validity of S"^ x > i5o for P/ . More generally, a family S of mixed 
integer split polyhedra gives an approximation of Pj of the form 

C\{S,P) := fl R{L,P). 

Les 

The set Cl(5, P) gives the closure wrt. the family S. Improved approximations of Pj can be obtained 
by iteratively computing closures P^{S, P), P'^{S, P), P^{S, P) . . where P"(5,P) = P, P^{S,P) = 
Cl(5, P"(5, P)), P2(5, P) = Cl(5, Pi(5, P)) etc. A finite split polyhedron proof of validity of 5^x > So 
for Pj is a finite family S of mixed integer split polyhedra such that S'^x > Sq is valid for P''{S, P) for 
some k < 00, and a finite cutting plane proof is given from a finite split polyhedron proof by the valid 
inequalities for the polyhedron P'^{S, P). 

A measure of the complexity of a finite split polyhedron proof S is the max-facet-width of the mixed 
integer split polyhedron L d S with the largest max-facet-width. We call this number the width size of 
a split polyhedron proof. A measure of the complexity of a valid inequality 6'^x > 60 for Pj is then the 
smallest number w for which there exists a finite split polyhedron proof of validity of S'^x > 60 for Pj 
of width size w. This number is called the width size of S'^x > 6q, and it is denoted width-size ((5, (5o). 
Finally, since validity of every facet defining inequality for conv(P/) must be proved to generate conv(P7), 
the largest of the numbers width-size(5, Jp) over all facet defining inequalities 6^x > 60 for conv(P/) 
gives a measure of the complexity of P/. We call this number the width size of P/, and it is denoted 
width-size(P7). We give an example to show that width-size(P7) can be as large as the number of integer 
constrained variables at the end of this section. 

We now characterize exactly which max-facet-width is necessary to prove validity of an inequality 
S^x > 60 for Pj with a finite split polyhedron proof, i.e., we characterize the number width-size ( (5, (5o)- 
We will partition the inequality 6'^x > 60 into its integer part and its continuous part. Throughout 
the remainder of this section, {S^)^x + {S^Y'y > 5q denotes an arbitrary valid inequality for P/, where 
(5^ e QP, Sy e Q« and 5o G Q. We assume {S'^Y'x + {S^Yy > Sq is tight at a mixed integer point of Pj. 

It is possible to prove validity of {S^)'^x+ {S^^^y > for conv(P/) by solving the mixed integer linear 
problem (MIP) 

min (<5^)^x + {Syfy 
s.t. 

{x,y) G Pj. 
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The following notation is used. The point {x*,y*) G Pj denotes an optimal solution to MIP, and 
(a;'P,?/'P) e P denotes an optimal solution to the linear relaxation of MIP. We assume Sq = {5^)'^x* + 
{Sy)^y* and ((5^)'^x'p + {6y)'^y^P < Sq. Prom the inequality {S=')^x + {Sy^y > 6q, we can create the 
following subsets of P and Pj 

P{S, So) := {{x,y)eP: {S^fx + [Syfy < So] and 
Pi{S,Sa) :={(x,y)eP(<5,5o):a;€Zf}. 

To prove validity of {S'^)'^ x+{Syyy > Sq for conv(Pr), we consider the following projections of P{S, Sq) 
and Pi{S, So) onto the space of the integer constrained x variables 

P^((5, So) := {x&W ■.3y& R« such that {x, y) e P{S, Sq)} and 
Pr{S,So) := P^S,So)nZP. 

The validity proofs we derive for (5^)-^ a; + {Sy)'^y > Sq are based on the following important property. 

Lemma 5.1 The polyhedron P^{S, So) is lattice point free. 

Proof. The relative interior of ^o) is given by 

ri(P^(5, Sq)) = {x€W:3yeM.'' such that {x, y) € ri(P) and (5^)^a; + {Sy)^y < Sq}. 
Since Sq is the optimal objective value of MIP, ri(P^(5, Sq)) does not contain lattice points. □ 

It is well known that split polyhedra with max-facet-width equal to one are sufficient to generate 

the integer hull of a pure integer set. It follows from this result that there exists a finite number of 
split polyhedra with max-facet-width equal to one such that a polyhedron P can be obtained in a finite 
number of iterations that satisfies P {S,So) = conv{Pj{S,So)). Hence, since the purpose in this section 
is to provide finite split polyhedron proofs, we can assume P^{S,Sq) = conv{Pf{S,So)) in the remainder 
of this section. 

The split polyhedra that are needed to prove validity of {S'^)^x + {Sy)^y > Sq for Pj depend on the 
facial structure of P^{S,Sq). To obtain a description of the faces of P^{S,So), we need the following 
reformulation of P^(5, Sq). 

Lemma 5.2 Assume P'^{S,So) — conv{Pf{S,So)). For every x G P'^{S,So), there exists ?/ e such that 
{x, y)eP and {S'')^x + {Sy)^y = Sq. Hence 

P='{5, Sq) = {xemF : there exists j/ e M« s.t. {x, y) € P and {S'')'^x + {Sy)'^y = So}. 

Proof. First suppose x e P^{S,So) is integer. By definition of P^{S,So), there exists y G such 
that {x, y) G P and {S^)'^x + {Sy)'^y < Sq. We can not have {S^)'^x + {Sy)'^y < So, since Sq is the optimal 
objective of MIP. Hence {x,y) e P and {S=')'^x + {Sy)^y = Sq. 

Now suppose x^ e is a ray of P^{S, So)- We claim that for every /x > and x £ Pj{S, So), there exists 
y€W> such that {x + fix'', y) e P and + nx'^)+ {Sy)'^y = Sq. Indeed, let > and x e Pf{S, Sq) 

be arbitrary. We can choose a non-negative integer fi^ > ji such that x + n^x^ is integer. We therefore 
have that there exists y^ G W such that {x + fi'x'^,y^) G P and (J^)^(x + ji^ x^) + (Sy)'^y^ ~ Sq- Since 
X e Pf{S,So), we also have that there exists G W such that G P and {S'^)'^x + {Sy)^y'^ = So- 

By choosing A := ^ and y :— Xy^ + (1 — we have {x + fix^ , y) = X{x + ix' x^ , y^)+ (1 — A)(a;, y"^), 

and therefore {x + fix^ ,y) G P. In addition we have that {S^)'^{x + fix'^) + {Sy)^y = So- 

Finally let x G P^{S,So) be arbitrary. We may write x = X^^L^ Ajx' + d = Y^i^i Ai(a;' + d), where 

{■^*}i=i ''^^'^ tiic vertices of P^{S, So), G is a non-negative combination of the extreme rays of P^{S, So), 
Ai, A2, • • • , Afc > and A^ = 1. From what was shown above, wo have that for every i G {1, 2, . . . , k}, 

there exists y' G R« such that {x'+d, y') G P and {S'= )'^ {x' + d) + {Sy)'^y' = Sq. By letting y := ^iV'' 
we have that {x, y) G P and {S'')^x + {Sy)'^y = Sq. □ 
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The faces of P^{a,(3) can now be characterized. Let P — {{x.y) & W x W : Ax + Dy < b} be an 
outer description of P, where A e Q™^p, D e Q"^« and b G Q™, and let M := {1,2, ...,m}. Lemma 
15.21 shows that P^{S,6q) can be written in the form 

F^((5, So) = {xeRP : aJx + dJy = b„ i e M=, 

afx + dfy <bi,ie M \ M=, 
i5n^x + {5yfy = So}, 

where M= C M denotes those constrains i ^ M for which afx + di,y = bi for aU (z, y) € P((5, 5q) that 
satisfy {S^Y'x + {5y)'^y = 6q. Also, for every i g M \ , there exists {x,y) G P{5,do) that satisfies 
(P)^a; + ((5^)^?/ = ^0 and af x + di,y < bi. 

A non-empty face F of P^{6, Sq) can be characterized by a set C M of inequalities that satisfies 
C Af^. Every face F of P^((5, (5o) can be written in the form 

F^{xeW: ajx + djy ^b„i£ M^, 

afx + dfy < b„ ie M\ M^, 
{5n'^x+{Syfy = 6o}. 

Consider an arbitrary proper face F of P^{d, 6q). In order for (d^)'^x + [S^^y > Sq to be valid for Pj, 
{6^)'^x + {5y)'^y > So must be valid for all {x, y) £ P such that x £ F. The following lemma shows that 
F is of exactly one of two types depending on the coefficient vectors on the continous variables in the 
tight constraints. 

Lemma 5.3 (A characterization of the faces of P'^{S,5o)) 
Assume P^{S,So) = conv(Pf (J, Jq))- Let F be a face of P^{5,5q). 

(i) IfSy i span({d,.}^g^,^f.).- 

(a) F is lattice point free. 

(b) For every x E ri(F), there exists j/ £ K'' s.t. {x,y) G P and {S^)'^x + {6y)'^y < Sq- 

(li) 7/(52' e span({d,.}^g4^F ).• 

The inequality {5^)'^x + {5y)'^y > Sq holds for all {x,y) E P satisfying x E Ti(F). 

Proof, (i) Suppose ^ spa.n{{di,} -^j^^f) , and let x E ri(P) be arbitrary. This implies there exists 
y € such that afx + dfy < bi for all i E M \ . Since ^ apa.n{{di,} -^^j^jf) , the linear program 
mm{{6y)'^r : dfr = 0,V« G M^} is unbounded. Choose f e such that {6y)'^f < and dff = for all 
i E M^. We have that [d'^Yx + + ^lr) < ((5^)^x + {Sy)'^y = Sq for every ^ > 0. Furthermore, 

since {x,y) satifies afx + dfy < bi for all i E M \ AI^, there exists jl > such that {x,y + fir) E P 
and {5'^)'^x + {Sy)'^{y + ftf) < Sq. We can not have x integer, since this would contradict that 6q is the 
optimal objective of MIP. 

(ii) Let {x,y) E P satisfy x E ri(P), and suppose E span({di.},-g^,jF). If {S^)'^x + {Sy)'^y > Sq, 
we are done, so suppose for a contradiction that + {Sy)'^y < Sq. Since x E ri(P), there exists 

y G R« such that {x, y) E P, + (^^)^2/ = Sq and afx + dfy < h for aU i G M \ . Consider 

the vector f := y — y. We have dff = for all i E and {Sy)'^f < 0. However, this contradicts 
Sy Eapa.n{{d,,}^^j^jp). □ 

We can now identify the mixed integer split polyhedra that are needed to provide a finite split polyhe- 
dron proof of validity of {5^)^x + {Sy)'^y > Sq for Pj. Let denote the finite set of all faces of P^{S, Sq), 
and let :^ {F E T : 3{x, y) E P s.t. a; G P and {S'=)'^x + ((5^)^y < Sq} denote those faces P G for 
which there exists {x,y) E P such that x E F and {x,y) violates the inequality (5^)-^ a; -I- {5y)^y > Sq. A 
face P G J-^ is called a violated face. Lemma [5.31 (11 shows that every violated face is lattice point free. 
A mixed integer split polyhedron P C K" that satisfies {S^)'^x + {Sy)'^y > Sq for every {x,y) E R{L,P) 
such that X G P is said to prove validity of {S^)^x + {Sy)'^y > Sq on P. Given a violated face P G , 
the following lemma gives a class of split polyhedra that can prove validity of {S^)'^x + {Sy)'^y > Sq on 
P. 
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Lemma 5.4 (Split polyhedra for proving validity of {6'^)'^x + {5^)'^y > Sq on a face of P^{5, Sq) ) 
Assume P'^{S,5o) — conv{Pf{5,So)). Let F £ he a violated face of P^{S,5o), and suppose G ^ JF^ 
for every proper face G of F . Every mixed integer split polyhedron L C R" that satisfies ri(-F) C int(L) 
proves validity of {S^Y" x + > 5q on F . 

Proof. Let L be a mixed integer split polyhedron that satisfies ri(F) C int(L), and let [x^y) E P 
satisfy x £ F and x ^ int(L). Since ri(F) C int(L), it follows that x ^ ri(F). Since x £ F \ ri(F), x 
must be on some proper face G of F. Since G ^ , we have {6'')'^x + {Sy)^y > Sq. Since R{L,F) — 
conv({(a;, y) £ F : x ^ int(L)}), the result follows. □ 

By iteratively considering the finite number of violated faces of P^{S, 60), we obtain a finite split 
polyhedron proof for the validity of the inequality (5^)-^ a; + (5^)-^y > 6q for Pj. 

Corollary 5.1 (Upper bound on the width size of the inequality {6^)^x + {6'^)^y > Sq) 

There exists a split polyhedron proof for the validity of {S^)'^x + {5^)'^y > <5o for Pj of width size 

niax{width-size{F) : F £ J-^}. 
We can now prove the main theorem of this section. 
Theorem 5.1 (A formula for the width size of the inequality {6^)'^x + {S^yy > Sq) 

Let width-size{5, 5q) denote the smallest number w for which there exists a finite split polyhedron proof of 
validity of {5^Y' x + {6'^)'^y > Sq for Pj of width size w. Then 

width- size{S, 6q) — i[nai,x{width-size{F) : F £ J-'^}. 

Proof. Let L be a mixed integer split polyhedron of smaller width size than max{width-size(-F') : 
F £ T^}. This implies there exists F £ and x' £ ri(F) such that x' ^ int(L). Furthermore, 
since x' £ ri(F), it follows from Lemma 15.31 (i) that there exists y' £ such that {x' ,y') £ P and 
{5^)Tx' + {Sy^y' < (5o. We now have (x', y') £ R{L, P) and + {Sv^y' < Sq- □ 

Example 5.1 Consider the mixed integer linear program (MLLP) 

maxy 
s.t. 

-x^+y<0, for I = 1,2,..., p, (17) 

p 

^a;,+2/<p, (18) 

i=l 

2/ > 0, (19) 
Xi integer for i — 1,2, ... ,p. (20) 

The optimal solutions to MILP are of the form {x*,y*) — (a;*,0) with x* £ D V , where :— {x £ 
M.P : X > and X^iLi — P}- '^^^ unique optimal solution to the LP relaxation of MILP is given by 
x^l = -pp^ for i — 1,2, ... ,p and y'^ = -pp^. Hence the only missing inequality to describe conv(P/) is the 
inequality y < 0. We have 5^ = 0, = —1 and Sq = 0- 

Observe that any proper face G of P^{5,So) contains mixed integer points in their relative interior. 
It follows that the inequality y < is valid for every (x, y) £ P such that x belongs to a proper face of 
P^{5, (Jo). Hence the only interesting face of P'^{5, (5o) to consider is the improper face F := P'^{S, 5q) — . 
The only mixed integer split polyhedron L that satisfies ri(i^) C int(L) is the split polyhedron L — , and 
this mixed integer split polyhedron has max- facet- width p. It follows from Theorem I5.il that no cutting 
plane algorithm that only uses mixed integer split polyhedra of max-facet-width smaller than p can solve 
MILP in a finite number of steps. 
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